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Abstract. Let M be a von Neumann algebra with no central summands of type Ii. It is 
£N| . shown that every nonlinear £— Lie derivation (£ 7^ 1) on M is an additive derivation. 

\Q ■ 1. Introduction and main results 

Let A be an associate ring (or an algebra over a field F) . Then A is a Lie ring (Lie algebra) 
under the product [x,y] = xy — yx, i.e., the commutator of x and y. Recall that an additive 
(linear) map 5 : A — > A is called an additive (linear) derivation if 5{xy) = 5(x)y + x5(y) for 
all x,y € A. Derivations are very important maps both in theory and in applications, and 
have been studied intensively (see [8| I20 |, 121 ] 122] and the references therein). More generally, 
an additive (linear) map L from A into itself is called an additive (linear) Lie derivation if 
L([x,y]) = [L(x),y] + [x,L(y)] for all x,y £ A. The questions of characterizing Lie deriva- 
tions and revealing the relationship between Lie derivations and derivations have received 
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many mathematicians' attention recently (see [4] l9l [12] I16j). Very roughly speaking, additive 
(linear) Lie derivations in the context prime rings (operator algebras) can be decomposed as 
a + r, where a is an additive (linear) derivation and r is an additive (linear) map sending 
commutators into zero. Similarly, associated with the Jordan product xy + yx. we have 
the conception of Jordan derivation which is also studied intensively (see [5j [6j |9] and the 
references therein). 

Note that an important relation associated with the Lie product is the commutativity. 
Two elements x, y in an algebra A are commutative if xy = yx, that is, their Lie product 
is zero. More generally, if £ is a scalar and if xy = (,yx, we say that x commutes with y 
up to a factor ^. The notion of commutativity up to a factor for pairs of operators is also 
important and has been studied in the context of operator algebras and quantum groups (Refs. 
[3 [H]). Motivated by this, the authors introduce a binary operation [x,y]^ = xy — £yx, 
called £-Lie product of x,y (Ref. [171]). This product is found playing a more and more 
important role in some research topics, and its study has recently attracted many authors 
attention (for example, see [T71 EEB]). Then it is natural to introduce the concept of £-Lie 
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derivation. An additive (linear) map L from A into itself is called a £— Lie derivation if 
L([x,y]t) = [L(x),y]^ + [x,L(y)]^ for all x,y G A. This concept unifies several well-known 
notions. It is clear that a £— Lie derivation is a derivation if £ = 0; is a Lie derivation if 
£ = 1; is a Jordan derivation if £ = —1. In |18j . Qi and Hou characterized the additive £— Lie 
derivation on nest algebras. 

Let <3? : A — > .4 be a map (without the additivity or linearity assumption). We say that $ 
is a nonlinear £;— Lie derivation if 3>([x, y]g) = [3>(x), y]^ + [x, for all x, y G A Recently, 

Yu and Zhang |24j described nonlinear Lie derivation on triangular algebras. The aim of this 
note is to investigate nonlinear £— Lie derivations on von Neumann algebras (£ ^ 1) and to 
reveal the relationship between such nonlinear £— Lie derivations and additive derivations. 
Due to vital importance of derivations, we firstly investigate nonlinear derivations. To our 
surprising, nonlinear derivations are automatically additive. Our main results read as follows. 

Theorem 1.1. Let Ad be a von Neumann algebra with no central summands of type I\. If 
$ : A4 — > A4 is a nonlinear derivation, then <3? is an additive derivation. 

The following result reveals the relationship between general nonlinear £— Lie derivations 
and additive derivations. 

Theorem 1.2. Let KA be a von Neumann algebra with no central summands of type L\. If 
£ is a scalar not equal 0, 1 and $ : A4 — > M. is a nonlinear £—Lie derivation, then is an 
additive derivation and 3>(£T) = £3>(T) for all T G A4. 

It is worth mentioning that, as it turns out from Theorems 1.1 and Theorem 1.2, the 
additive structure and £— Lie multiplicative structure of von Neumann algebra with no central 
summands of type L are very closely related to each other. We remark that the question 
when a multiplicative map is necessary additive is important in quantum mechanics and 
mathematics, and was discussed for associative rings in the purely algebraic setting (|14j. for 
a recent systematic account, see [2]). In recent years, there is a growing interest in studying 
the automatic additivity of maps determined by the action on the product (see [H [21 [131 (US 123] 
and the references therein). We also remark that if £ = 1, then £— Lie derivation is in fact a 
Lie derivation, while Lie derivation is not necessary additive. For example, let a is an additive 
derivation of A4 and r is a mapping of A4 into its center Z_m which maps commutators into 
zero. Then a + r is a Lie derivation and such Lie derivation is not additive in general. 

2. Notations and Preliminaries 

Before embarking on the proof of our main results, we need some notations and preliminaries 
about von Neumann algebras. A von Neumann algebra A4 is a weakly closed, self-adjoint 
algebra of operators on a Hilbert space H containing the identity operator I. The set Z_m = 
{S € A4 | ST = TS for all T S A4} is called the center of A4. For A E A4, the central carrier 
of A, denoted by A, is the intersection of all central projections P such that PA = A. It is 
well known that the central carrier of A is the projection with the range [.A/f^4(-ff)], the closed 
linear span of {MA(x) \ M € A4,x £ H}. For each self-adjoint operator A G A4, we define 
the central core of A, denoted by A, to be supjS" G Zj^ \ S = S*,S < A}. Clearly, one has 
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A — A > 0. Further if S G Zm and A — A > S > then S = 0. If P is a projection it is 
clear that P is the largest central projection < P. We call a projection core-free if P = 0. It 
is easy to see that P = if and only if I — P = I, here I — P denotes the central carrier of 
I — P. We use [10] as a general reference for the theory of von Neumann algebras. 

In the following, there are several fundamental properties of von Neumann algebras from 
[31 [15] which will be used frequently. For convenience, we list them in a lemma. 

Lemma 2.1. Let M be a von Neumann algebra. 

(i) ([El Lemma 4]) If .M has no summands of type L, then each nonzero central projection 
of M is the central carrier of a core- free projection of M; 

(ii) (0 Lemma 2.6]) If M has no summands of type Ii, then M equals the ideal of M 
generated by all commutators in M. 

By Lemma 2.1 (i) , one can find a non-trivial core- free projection with central carrier /, 
denoted by P\. Throughout this paper, Pi is fixed. Write Pj = I — P\. By the definition of 
central core and central carrier, P2 is also core-free and P2 = I. According to the two-side 
Pierce decomposition of M relative Pi, denote Mij = PiMPj, i,j = 1, 2, then we may write 
M = Mu + M12 + M21 + M.22- In all that follows, when we write Tij, Sij, Mij, it indicates 
that they are contained in Mij. A conclusion which is used frequently is TMij = for every 
€ Mij implies that TP = 0. Indeed TPiMPj = for all M G M together with P~ = I 
gives TP = 0. Similarly, if M^T = for every M„ G Mij, then T*M*- = and so PjT = 0. 
If Z e Z M and ZP = 0, then ZMPi = for all M G M which implies Z = 0. 

The next lemma is technical which plays an important role in the proof of Theorem 1.2. 

Lemma 2.2. Let T G M, £ ^ 0, 1. Then T G Mij + (£P + Pj)Z M (1 < i ^ j < 2) if and 
only if [T, = for every Mjj G .M^; 

Proof. The necessity is clear. Conversely, assume [T, Mij]g = for every G .M^-. 
Write T = E?j=i T ir Jt follows that TuMij + T,iM„ = CiM,,' 1 ',.! + M ijTji)- Thus 

T,.\/,, = i.U,//), (1) 

and TjiMij = 0. Noting that Pj = /, we obtain 

Tji = 0. 

For every M,, G .Vf„. .U /; G Mjj, M,;M, r ^hj^ljj € jWy and so 7'.\/„.\/, ( = i, ; .\/„.\/, ; 7' and 
TMijMjj = ^MijMjjT. From [^M^ = 0, it follows that TMuM^ = MuTMij, that is 
(TAf« - M u T)Mij = 0. Using Pj = I again, we have T^ - M^Ti = 0, i.e., T« G 2 Pi>1 P r 
Thus 

Tj — ZiPi 

for some central element Zj G Zj^. Similarly, combining TMijMjj = ^MijMjjT and [T, M^]^ = 
0, we can obtain 

Tjj = ZjPj 

for some central element Zj G Zj^. Now equation (1) implies that (Zi — ^Zj)Mij = 0. 
From Pj = I and M^ is arbitrary, it follows that (Zi — £Zj)Pi = 0. Since Zi — £Zj G Z_w, 
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M(Zi - £Zj)Pi = (Zi - iZj)MPi = for all M G M. By P; = I, it follows that Z { = £Zj. So 
T = Tij + {£Pi + Pj)Z 3 e Mij + (£FJ + Pj)Z M . 

3. Proofs of main results 
In the following, we are firstly aimed to prove Theorem 1.1. 

Proof of Theorem 1.1. In what follows, $ : M. — > M. is a nonlinear derivation. We 
will prove that $ is additive, that is, for all T,S £ M, $(T + S) = $(T) + $(5). It is 
clear that $(0) = $(0)0 + 0$(0) = 0. Note that $(PiP 2 ) = $(Pi)P 2 + Pi$(P 2 ) = 0, 
multiplying by P 2 from the both sides of this equation, we get P 2 $(Pi)P 2 = 0. Similarly, 
multiplying by Pi from the both sides of this equation, we have Pi<i>(P 2 )Pi = 0. For every 
M12 € Mu, $(Mi 2 ) = $(PiMi 2 ) = $(Pi)Mi 2 + Pi$(Mi 2 ) and so Pi$(Pi)Mi 2 = 0. Hence 
Pi$(Pi)Pi = 0. Similarly, from $(M 12 ) = ®(M 12 P 2 ), one can obtain P 2 $(P 2 )P 2 = 0. 

Denote T = P 1 <S>(P 1 )P 2 - P 2 $(Pi)Pi. Define $ : M -> M by *(T) = $(T) - [T,T ] 
for every T £L AA. Then it is easy to see that VP is also a nonlinear derivation and ^f(Pi) = 
\1/(P 2 ) = 0. Note that for every T G M : T H [T, To] is an additive derivation of Ai. 
Therefore, without loss of generality, we may assume <&(Pi) = 3>(P 2 ) = 0. Then for every 
€ Mij, $(Ty) = PiQ(Mij)Pj € My = 1,2). 

Let T be in M, write T = Tn + T 12 + T 2l + T 22 . In order to prove the additivity of 
we only need to show <3? is additive on Mij(l < i,j < 2) and <J>(Tn + T i2 + T 2 i + T 22 ) = 
$(Tii) + <J>(Tl 2 ) + <&(T 2 i) + <&(T 22 ). We will complete the proof by checking two claims. 

Claim 1. <E> is additive on Mij(l <i,j<2). 

Set Ti^Sij.Mij € Mij. From (Tn + Ti 2 )Mi 2 = T U M 12 , it follows that 

$(Tn + T 12 )M 12 + (Tn + Ti 2 )$(Mi 2 ) = $(Tii)Mi 2 + Tn$(Mi 2 ). 

Note that $(M i2 ) G M i2 , so ($(Tn+Ti 2 )-$(Tii))Mi 2 = 0. Then (^(T 11 +T 12 )-^(T 11 ))P 1 = 
0. This implies 

($(T n + T i2 ) - $(T n ) - $(T 12 ))Pi = 0. 

Similarly, from (Tn + T 12 )M 21 = T 12 M 21 , we have ($(Tn + Ti 2 ) - $(Tn) - $(Ti 2 ))M 2 i = 0. 
Then 

($(T n + T i2 ) - $(Tn) - $(T 12 ))P 2 = 0. 

Thus 

$(T 1 i + Ti 2 ) = $(T 1 i) + $(Ti 2 ). 

Similarly, $(T i2 + T 22 ) = $(T i2 ) + $(T 22 ). Since T i2 + Si 2 = (Pi + Ti 2 )(P 2 + S 12 ), we have 
that 

$(Ti 2 + 5i 2 ) = $(Pi + Ti 2 )(P 2 + 5i 2 ) + (Pi + Ti 2 )$(P 2 + S 12 ) 
= $(T 12 ) + $(S 12 ). 

In the same way, one can show that $(T 2 i + S^i) = $(T 2i ) + <J>(S 2 i). That is, $ is additive 
on Mi2,M2i. 
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Prom (Tn + Sn)M 12 = T n M 12 + S U M 12 , it follows that 

*(Tn + Sii)Mi 2 + (Tn + Sn)*(Mi 2 ) 
= $(T n M 12 ) + ${SuM 12 ) 

= $(T n )Mi 2 + T n $(M 12 ) + $(5n)M 12 + 5n$(M 12 ). 
Thus ($(Tn + S n ) - $(Tn) - <f>(S u ))M 12 = 0. This yields 

($(T n + Sn) - $(T n ) - *(Sn))Pi = 0. 

Note that $(Tn + S u ) - $(Tn) - $(5n) € Mn. So 

*(rn + Sii) = *(Sii) + *(Tii). 

Similarly ,<3>(T 22 + S22) = $(T 22 ) + $(822) ■ That is, <3? is additive on Mu, M 22 , as desired. 
Claim 2. $(Tn + T 12 + T 2i + T 22 ) = $(Tn) + ${T 12 ) + $(T 2 i) + $(T 22 ) 
From (Tn + T i2 + T 21 + T 22 )Mi 2 = (Tn + T 21 )M 12 , we have 

$(Tn + T12 + T 2 i + T 22 )Mi2 + (Tn + T12 + T 2 i + T 22 )$(Mi 2 ) 
= $(T n Mi 2 ) + $(T 21 M 12 ) 

= $(Tn)Mi2 + T U &(M 12 ) + $(T 2 i)Mi2 + T 2 i$(Mi 2 ). 

Then 

($(T n + Ti 2 + T 2 i + T 22 ) - $(T n ) - $(T 12 ) - $(T 2 i) - $(T 22 ))Mi2 
= ($(T n + T12 + T 2 i + T 22 ) - $(Tn) - $(T 2 i))M 12 = 0. 

This gives 

($(T n + Ti 2 + T 2 i + T 22 ) - $(T n ) - $(T 12 ) - $(T 2i ) - $(T 22 ))Pi = 0. 

From (Tn + T 12 + T 21 + T 22 )M 2 i = (T 12 + T 22 )M 21l it follows that 

($(T n + T 22 + T12 + T 2 i) - $(T n ) - $(Ti 2 ) - $(T 2i ) - $(T 22 ))P 2 = 0. 

So $(T n + Ti 2 + T 2 i + T 22 ) = $(T n ) + $(T 12 ) + $(T 2i ) + $(T 22 ). 
Now, we turn to prove Theorem 1.2. 

Proof of Theorem 1.2. We will finish the proof of the Theorem 1.2 by checking several 
claims. 

Claim 1. $(0) = and there is T € M such that $(P) = [P,T ] (z = 1,2). 
It is clear that $(0) = $([0, 0] e ) = [$(0), + [0, $((% = 0. 
For every Mi 2 , 

$(Mi 2 ) = $([P l5 Miafe) = [$(Pi), Mi 2 k + [Pi, $(M 12 )] e 

= $(Pi)M 12 - £M 12 $(Pi) + Pi$(Mi 2 ) - £$(Mi 2 )Pi. 

Multiplying by P\,P 2 from the left and the right in equation (2) respectively, we have 

P 1 $(Pi)P 1 M 12 = £Mi 2 P 2 $(Pi)P2. 
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That is + P 2 $(Pi)P 2 ,Mi 2 ]£ = 0. Now Lemma 2.2 yields that P 1 ^(P 1 )P 1 + 

P 2 $(Pi)P 2 G (£Pi + P2)Z M . For every M 21 , 

$(M 21 ) = $([P 2 , M 2 i] £ ) = [$(P 2 ), M 21 ] e + [P 2 , *(M 2 i)] € 

= $(P 2 )M 2 i - £M 21 $(P 2 ) + P 2 $(M 2 i) - C*(M 2 i)P 2 . 

Multiplying by P 2 , Pi from the left and the right in equation (3) respectively, we obtain 

P 2 ${P 2 )P 2 M 2l = £M 2 lPl$(P 2 )Pl. 

That is [P 2 $(P 2 )P 2 + Pi$(P 2 )Pi,M 21 ] £ = 0. Using Lemma 2.2 again, we get P 2 $(P 2 )P 2 + 
Pl$(P 2 )Pl G {PiHP2)Z M - Assume Pi$(Pi)Pi+P 2 $(Pi)P 2 = (£Pi+P 2 )Zi and P 2 $(P 2 )P 2 + 
Pl$(P 2 )Pl = (Pi + £P 2 )Z 2 , Z X ,Z 2 e Z M . From [Pi,P 2 ] 5 = 0, it follows that 

<&([Pi,P 2 ] c ) = [^(A),P 2 k + [Pi,^(P 2 )k 
= $(Pi)P 2 - £P 2 $(Pi) + Pi$(P 2 ) - ^(P 2 )Pi 

= (1 - e)Pi$(p 2 )Pi + (1 - e)p 2 ^(Pi)p 2 + pi$(pop 2 

+Pi$(P 2 )P 2 - eP 2 *(P 2 )Pi - £P 2 $(Pi)Pi 
= 0. 

Then 

Pi^(P 2 )Pi = P 2 $(Pi)P 2 = Pi^(Pi)P 2 + Pi$(P 2 )P 2 = P 2 ^(Pi)Pi + P 2 ^(P 2 )Pi = 0. (4) 

A direct computation shows that [(£Pi + P 2 )Zi,P 2 ] s = [Pi$(Pi)Pi + P 2 $(Pi)P 2 , P 2 ] £ = 0. 
And so (1 - i)P 2 Z x = 0. Then Z X MP 2 = for all M G M. Noting that P 2 = /, we have 
Zi = 0. That is Pi$(Pi)Pi + P 2 $(Pi)P 2 = 0. Similarly, P 2 <S>{P 2 )P 2 + Pi$(P 2 )Pi = 0. By 
(4), $(Pi) + $(P 2 ) = 0. Denote T = P 1 ^{Pi)P 2 - P 2 $(Pi)P 1 . Then it is easy to check that 
To is the desired. 

Obviously, T (->■ [T, To] is an additive derivation. Without loss of generality, we may assume 
that $(Pi) = $(P 2 ) = 0. 

If $ is additive, then $(/) = $(P a ) + $(P 2 ) = 0. $((1 - £)T) = $([/, T] e ) = [I, *(T)] f = 
(1 - f )$(T) for all T G M. So $(£T) = £$(T) for all T G A4. Taking T,S eM and noting 
that (1 — £)[£, T]_i = [S 1 , T] £ + [T, S 1 ]^, we obtain that 

$((1 - 0[S, TU) = $([5, T] c ) + $([T, 
= $(S)T - £T$(S) + 5$(T) - £$(T)S + $(T)S - £S<S>(T) + T<S>(S) - £<S>(S)T 
= (1 - £)($0S)T + S$(T) + $(T)S + T$(5)). 

Note that $((1 - £)T) = (1 - £)$(T) for all T G M, it follows that 

$([5' ) T]_ 1 ) = [$(5),T]_ 1 + [ < S,$(T)]_ 1 

for all T, S 1 G A4. Hence $ is an additive Jordan derivation. By [5], $ is an additive derivation 
which is the conclusion of our Theorem 1.2. Now we only need to show <& is additive. For 
every T G 7W, it has the form T = Tn + T12 + T 2 i + T22- Just like the proof of Theorem 1.1, 
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we will show $ is additive on My(l < i,j < 2) and $(Tn + T 12 + T 21 + T 22 ) = $(Tn) + 
$(^12) + $(^21) + ^(^22)- We divide the proof into several steps. 
Claim 2. $(My) G Mij for every M^- € Mij (1 < i / j < 2). 

We only treat the case i = l,j = 2. The other case can be treated similarly. Noting 
[Pi,Mi 2 ]g = M12, we have 

$(M 12 ) = $([P!,M 12 y = Miafe + [Pi,$(M 12 )]^ 

= [P!,$(M 12 )] e = Pi$(M 12 ) - ^(M 12 )P!. 

Then 

P 2 $(M 12 )P 2 = Pi$(Mi 2 )Pi = 0. (5) 

Furthermore, P 2 $(Mi 2 )Pi = 0, if £7^ -1, i.e., $(M i2 ) G A^i 2 . 
Next we treat the case £ = — 1. For every Mn, 

$(MnMi 2 ) = $([Mn,M 12 ]_i) = [$(Mn),Mi 2 ]_i + [Mn,$(Mi 2 )]-i 

= $(Mii)Mi 2 + Mi 2 $(Mii) + Mn$(Mi 2 ) + $(Mi 2 )Mn. 

By (5), we have 

P 2 $(MnMi 2 )Pi = <f>(M 12 )M u . 
Then for every iVn, P 2 $(A^nMiiMi 2 )Pi = $(Mi 2 )AT n Mn. On the other hand, 

P 2 <!>{N 11 M 11 M 12 )P 1 = <S>(M U M 12 )N U = <S>(M 12 )M n N u . 

Thus $(Mi 2 )[iVii,Mii] = 0. For every Ru, 

HM 12 )R 11 [N 11 ,M 11 ] = P 2 ${R 11 M 12 )P 1 [N 11 ,M 11 ] = 0. 

By Lemma 2.1(h), ^{M\ 2 )P\ = which finishes the proof. 
Claim 3. $(Mu) G Ma for every Ma G Ma (i = 1, 2). 
Proof. Without loss of generality, we only treat the case i = 1. 

d>(Pi) = *([!, i^Pi]f) = [*(/), T^A] C + [/, ^tV 1 ^ 
= I l ? $([/,i\] € ) + [/,$( I i ? P l )] € 

= ^$((1 - OPi) + (i - O^(t^A) = o. 

Note that $((1 - £)Pi) = * ([Pi, Pi]?) = 0, so ^(y^Pi) = 0. 

d>(M n ) = $([_l_P 1 ,M 11 y = [^^(Mn)^ 
= j-^(Pi$(Mn) - e*(Mn)Pi). 

This implies $(Mu) G Atii- 

Claim 4. For every T u , T jt and T i5 {1 < i ^ j < 2), $(7^ + T^) = 3>(T U ) + $(Ty), 
$(T ii + T ji ) = <Z>(T ii ) + $(T ji ). 

Assume i = l,j = 2. For every M i2 G M12, [T u + Ti 2 , M 12 ]^ = [T U ,M 12 ]^, by Claim 2, 

[$(Pii+Pi2),M 12 ] ? + [r 11 +T 12 ,$(M 12 )] ? = [$(T n ),M 12 ] 5 + [T n ,$(M 12 )] e , 
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[$(Tii+Ti 2 )-$(Tn),Mi 2 k=0. 

From Lemma 2.2, 

$(Tn + T 12 ) - $(T n ) = Pi($(T n + T 12 ) - $(T n ))P 2 + (£P : + P 2 )Z 
for some central element Z € Z^. By computing, 

$(Ti2) = $([Pi,[Tii+Ti2,P 2 kk) 

= [Pi,^(r n + T 12 ),p 2 ]^ 

= Pi$(T n + T 22 )P 2 + £ 2 P 2 $(T n + T 22 ). 

From Claim 2 and Claim 3, we know that <f>(T 12 ) = Pi$(Tn + Ti 2 )P 2 and Pi$(Tn)P 2 = 0. 
Thus 

$(Tn + T 12 ) - $(T n ) = $(T 12 ) + (CPi + Pa)Z. 

Note that 

$([Tn + Ti 2 , P 2 ] f ) = [$(T n + T 12 ), P 2 ] e 

= [$(T n ) + $(T 12 ) + (CPi + P 2 )Z, P 2 ] v 

On the other hand, $([Tn + Ti 2 ,P 2 ] 5 ) = $([Ti 2 ,P 2 ] ? ) = [$(Ti 2 ),P 2 ]^. Combining this with 
Claim 3, we have [(£Pi + P 2 )Z, P 2 ]g = and so ZP 2 = which implies Z = 0. Similarly, 
$(Tn + T 2 i) = $(Tn) + $(T 2 i). The rest goes similarly. 
Claim 5. $ is additive on Mn and M.21- 

Let Ti 2 , Si 2 G Mi 2 . Since T i2 + Si 2 = [Pi + Ti 2 , P 2 + 5 12 ] € , we have that 

$(Ti2 + 5i 2 ) = [$(Pi + Ii 2 ), P 2 + S 12 \z + [Pi + Ti 2 , $(P 2 + S 12 )] c 
= [$(Pi) + $(Ti 2 ), P 2 + 5 12 ] { + [P + Ti 2 , $(P 2 ) + <&(Si2)k 
= $(Ti 2 ) + $(5i 2 ). 

Similarly, $ is additive on A1 2 i- 

Claim 6. For every T u £ Mu, T 22 € M 22 , <£>(Tn+T 22 ) = <f>(T u ) + $(T 22 ). 

For every M 12 € Ali 2 , [T u + T 22 ,Mi 2 ] 5 = TnMi 2 - £M l2 T 22 . From Claim 5, it follows 
that 

MT U + T 22 ), Mi 2 ] f + [Tu + T 22 , $(M 12 )] C = $([T n + T 22 , M 12 ] 5 ) 
= $(TnM 12 ) + $(-£Mi 2 T 22 ) = $([Tn, M 12 y + $([T 22 , Mi 2 ] c ) 
= [$(T n ), M 12 ] f + [T n , $(M 12 )] f + [$(T 22 ), M 12 ] 5 + [T 22 , $(M 12 )] ? . 

Thus [$(Tn + T 22 ) - $(T n ) - $(T 22 ), Mi 2 ] c = 0. By Lemma 2.2, 

$(r n + r 22 ) - $(T n ) - $(r 22 ) e Mu + (£Pi + p 2 )^m- 

On the other hand, [Tn+T 22 , = Tu. From the proof of Claim 3, one can see = 0. 

Hence [<J>(T n + T 22 ), ^ = <D(T n ), i.e., (1 - Z)$(T U ) = $(7h + P 22 )Pi - £Pi$(Tn + T 22 ). 
Multiplying by Pi and P 2 from the left and the right in the above equation, we have Pi$(Tn + 
T 22 )P 2 = 0. So 

HT U + T 22 ) - $(Tn) - $(T 22 ) = (CPi + P 2 )Z 
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for some central element Z G Z_m- Combining 3>(Pi) = and Claim 3, we conclude 

<f([T ll ,PiU) = H[T ll +T 22 ,P l }^) 
= MT n + T 22 ), Pxk + [Tn + T 22 , ^{P^ 
= [$(T 11 ) + (tiP 1 + P 2 )Z,P 1 }z. 

Thus [(£Pi + P 2 )Z, Pi] 5 = which implies Z = 0. This gives $(Tn + T 22 ) = $(Tn) + $(T 22 ). 

Claim 7. For every G M< (« = 1,2), + 5«) = ^(r«) + $(£«). 

Assume i = 1. For every M i2 G M2, [Tn + 5n,Mi 2 ]^ = T\\M\i + 5nMi 2 . From Claim 
5, it follows that 

[$(Tn + Sn),M 12 ] ? + [T n + S u , $(M 12 )] 5 = $([T n + S U ,M 12 } $ ) 
= $(T n M 12 ) + $(S n M 12 ) = $([T n , M 12 ] ? ) + $([Sn, M 12 y 
= [$(T n ), Mi 2 ] € + [T n , $(M 12 )k + [$(S n ), M 12 ] ? + [S n , $(M 12 )] ? . 

Thus [$(Tn + S n ) - $(Tn) - $(5n), Mi 2 ]{ = 0. By Lemma 2.2, 

*(Tn + S u ) - $(T n ) - $(Sn) G Mi 2 + (CPi + Pi)Z. 
On the other hand, Claim 3 tells us that Pi(*(Tn + Su) - $(Tn) - $(Sn))P 2 = 0. So 

$(Tn + Su) - $(T n ) - $(S n ) = (£Pi + P 2 )Z 

for some Z G Zm- This further indicates 

= $([T n + Su, P 2 ] f ) = [$(T n + Su), P 2 ] 5 
= [$(T n ) + $(S n ) + (CPi + P 2 )Z,P 2 ]s 
= [(tiP 1 + P 2 )Z,P 2 } !; . 

Then P 2 Z = 0, consequently, Z = 0. That is, $ is additive on M\\. Similarly, $ is additive 
on M 22 . 

Claim 8. For every Tu,Tjj,Tij, (1 < i ± j < 2) ^(Tu + Tjj + Tij) = $(T ii ) + $(T ji ) + $(T ij ) 

Assume i = 1, j = 2. For every M i2 G An 2 , [Tn + T 22 + Ti 2 , M i2 ]^ = [Tn + T 22 , Mi 2 ]g. By 
Claim 6, it follows that 

[$(T n +T 22 +T 12 ), M 12 ] 5 +[Tn+T 22 +T 12 , $(M 12 )] 5 = [$(T n )+$(T 22 ), M 12 ]^+[T n +T 22 , $(M 12 )] f . 

Thus [$(Tn + T 22 + Ti 2 ) - $(Tn) - $(T 22 ),Mi 2 ] 5 = 0. From Lemma 2.2 and Claim 3, we 
obtain 

$(T n + T 22 + T 12 ) - $(T n ) - $(T 22 ) 
= Pi($(T n + T 22 + T 12 ) - $(T n ) - $(T 22 ))P 2 + (£P X + P 2 )Z 
= Pi$(T n + T 22 + T 12 )P 2 + (^Pi + P 2 )Z 
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for some central element Z. A direct computation shows that 

$(T 12 ) = $(Pi(T n + T 22 + T 12 )P 2 ) 

= $([Pi,[T n +T 22 + T 12 ,P 2 y ? ) 
= [Pi,[$([Tii+T 22 + Ti 2 ,P 2 ]^ 
= Pi$(T 11 +T 22 +T 12 )P 2 . 

Thus 

$(T n + T 22 + T 12 ) = $(T n ) + $(T 22 ) + $(T 12 ) + (^Pi + P 2 )Z. 
It is easy to see 

[$(T n + T 22 + T 12 ), P 2 \ = $([T n + T 22 + T 12 , P 2 ] f ) 
= $([T 12 + T 22 , P 2 ] 5 ) = [$(T 12 ) + $(T 22 ), P 2 ] ? 

Then [(£Pi + P 2 )Z,P 2 ] = 0, ZP 2 = which implies Z = 0. That is $(Tn + T 22 + Ti 2 ) = 
$(Tn) + $(T 22 ) + $(Ti 2 ). The rest goes similarly. 
Claim 9. For every T U ,T 12 ,T 2U T 22 , 

HT U +T 12 + T 21 + T 22 ) - $(T n ) - $(T 12 ) - $(T 2 i) - $(T 22 ) € (£Pi + P 2 )Zm D (Pi + £P 2 )^M- 

Consequently, if £ ^ -1, $(Tn + T i2 + T 2 i + T 22 ) = $(Tn) + $(T 12 ) + $(T 21 ) + $(T 22 ). 

For every M i2 G M i2 , [Tu + T 12 + T 21 + T 22 , M 12 ] f = [T u + T 2 i + T 22 , M 12 } ( . From Claim 
8, it follows that 

MT U + Ti 2 + T 2 i + T 22 ), Mi 2 ] c + [Tu + Ti 2 + T 2 i + T 22 , $(Mi 2 )] c 
= [$(Tn) + $(T 2 i) + $(T 22 ), Mi 2 ] c + [Tu + r 2 i + T 22 , $(Mi 2 )]^. 

Thus 

[*(Tn + Ti 2 + T 2 i + T 22 ) - $(Tn) - $(T 2 i) - $(T 22 ), Mi 2 fe = 0. 
Since <E>(Ti 2 ) G -Mi 2 , we have 

[$(Tn + T 12 + T 21 + T 22 ) - $(T n ) - $(T 12 ) - $(T 21 ) - $(T 22 ), M 12 ] ? = 0. 
Similarly, from [T u + T 12 + T 2 i + T 22 , M 2 i] c = [T u + T 12 + T 22 , Af 2 i] € , we can obtain 

MT U + Ti 2 + T 2 i + T 22 ) - $(Tn) - $(Ti 2 ) - $(T 2 i) - $(T 22 ), M 2 i] c = 0. 
From Lemma 2.2, it follows that 

$(Tn +T 12 + T 21 + T 22 ) - $(T n ) - $(T 12 ) -$(T 21 ) - $(T 22 ) € (£Pi + P 2 )^ n {P!+^P 2 )Z M . 

Note that if £ ^ -1, (£Pi + P 2 )2m n (Pi + ^P 2 )Z M = {0}. Thus 

$(Pn + P12 + P21 + P22) = *(Tn) + $(T 12 ) + $(T 21 ) + $(T 22 ). 

Claim 10. If C = -1, $(T n + Tia + T 21 + T 22 ) = $(T n ) + $(T 12 ) + $(T 2 i) + $(T 22 ) holds 
true, too. 

By Claim 9, we may assume $(T 12 + T 21 ) = $(T 12 ) + $(T 2 i) + (-Pi + P 2 )Zi, $(T U + 
P12 + P21) = 3>{T U ) + $(Ti 2 ) + *(T 2 i) + (-Pi + P 2 )Z 2 and $(T n + Ti 2 + T 21 + T 22 ) = 
$(Tn) + $(Ti 2 ) + $(T 2 i) + $(T 22 ) + (-Pi + P 2 )Z 3 . The following is devoted to showing 
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Zi = Z 2 = Z 3 = 0. Since $(T 12 + T 21 ) = $([T 12 +T 21 ,P 1 ]_ 1 ) = [$(T 12 + T 21 ), Pi]_ 1; 
substituting $(T 12 + T 2i ) = $(Ti 2 ) + $(T 2 i) + (-Pi + P 2 )Zi into above equation, we have 
(-Pi + P 2 )Zi = [(-Pi + P 2 )Zi,Pi]_i = -2PiZi. Then Z X P X = Z X P 2 = and so Z x = 0. 
From 

[$(T n ) + $(T 12 ) + $(T 21 ) + (-Pi + P 2 )Z 2 , P 2 ]_! 
= [$(T n + Ti 2 + T 2 i), P 2 ]_i = $([T n + T 12 + T 21 , P 2 ]_i) 
= $(Ti 2 + T 2 i) = $(T 12 ) + $(T 21 ) 

= [$(T 1 i) + $(r 12 ) + $(r 21 ),p 2 ]_ 1 , 

it follows that [(-Pi + P 2 )Z 2 , P 2 ] = 0. Thus Z 2 = 0. At last, 

[$(T n ) + $(T 12 ) + $(T 21 ) + $(T 22 ) + (-P x + P 2 )Z 3 , Pi]_i 
= [$(T n + Ti 2 + T 21 + T 22 ), Px]_! = $([T n + T 12 + T 21 + T 22 , P^) 
= *([Tii + ri 2 + T 2 i,Pi]_i) = [$(T 11 ) + $(T 12 ) + $(T 21 ) + $(T 22 ),P 1 ]_ 1 . 

So [(-Pi + P 2 )Z 3 ,Pi]_i = which implies Z 3 = 0. Hence $(Tn + Ti 2 + T 2 i + T 22 ) = 
$(Tn) + $(Ti 2 ) + $(T 2 i) + $(T 22 ), as desired. 
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